Abstract. In this paper we present an explicit calculation of the heat kernel for the sub-Laplacian on an H-type group G by using irreducible unitary representations of G and the heat kernel for the associated Hermite operator.
Introduction
As is well known, the heat kernel plays an important role in many problems in harmonic analysis. An explicit expression for the heat kernel on the Heisenberg group H n = C × R was obtained by Hulanicki [9] , Gaveau [7] and Staubach [11] . Gaveau [7] also obtained the heat kernel for free nilpotent Lie groups of step two. Cygan [6] obtained the heat kernel for all nilpotent Lie groups of step two. Zhu [13] used the method of the stochastic integral due to Gaveau to construct the heat kernel for the quaternionic Heisenberg groups. But neither Gaveau's expression for free nilpotent Lie groups nor Cygan's expression for arbitrary nilpotent Lie groups of step two were as explicit as those in the cases of Heisenberg groups and quaternionic Heisenberg groups.
The Hulanicki-Gaveau formula for the heat kernel on the Heisenberg groups has many interesting applications (see [13] ). Although very impressive, these applications depend heavily on explicit expressions for the heat kernel. A natural and interesting question is : Are there other nilpotent Lie groups for which the expressions for the heat kernel are as explicit as those in the cases of the Heisenberg groups and quaternionic Heisenberg groups?
The aim of this paper is to look for such a formula for the heat kernel on H-type groups, a remarkable class of stratified groups of step two introduced by Kaplan [10] . On these groups there is a natural sub-Laplacian with an associated heat kernel. We use the method of Thangavelu [12] , the irreducible unitary representation and the same argument as in [11] , to calculate the heat kernel on the H-type groups and obtain a closed form of expression which closely resembles those of the heat kernel on Heisenberg groups and quaternionic Heisenberg groups. As we know, the H-type groups are the only nilpotent Lie groups on which an explicit formula for the heat kernel has been obtained up to now.
Irreducible unitary representations
We begin by describing the Lie groups and Lie algebras under consideration. An H-type group G is a Carnot group of step two with the following properties: the Lie algebra g of G is endowed with an inner product , such that, if z is the center of g, then [z ⊥ , z ⊥ ] = z and, moreover, for every fixed z ∈ z, the map
is an orthogonal map whenever z, z = 1 (see [3] , [10] ).
For reasons that will soon be clear we put 2n = dim z ⊥ and m = dim z. Fix λ ∈ z * , the dual of z, and define the skew-symmetric linear mapping
We denote by z λ the element of λ ∈ z * determined by Fix λ in Λ. There are orthogonal vectors
and Sym 2n B(λ) = |λ| 2n . We may further decompose z ⊥ . Denote by x λ and y λ the subspaces span{E 1 (λ), · · · , E n (λ)} and span{E 1 (λ), · · · , E n (λ)}, respectively. Then we may write V in z ⊥ as X + Y with X ∈ x λ and Y ∈ y λ . With respect to this basis, the group law on an H-type group G has the form
where z = (x, y) ∈ R 2n and the matrices U (1) , U (2) , · · · , U (2n) satisfy the following conditions:
(1) U j is an m × m skew-symmetric and orthogonal matrix, for
The irreducible unitary representations parameterized by λ ∈ Λ may be described as follows (see [1] , [5] ):
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We now describe the sub-Laplacian on an H-type group G (see also [3] ). The vector fields in the algebra g of G = (R 2n+m , •) that agrees at the origin with
and
We recall that this essentially selfadjoint positive operator does not depend on the choice of an orthonormal basis of z ⊥ . Moreover, on functions u(z, t) = u(|z|, t), we obtain (see [3] )
and hence L has the form
The representation π λ of G determines a representation π * λ of its Lie algebra g on the space of C ∞ vectors. Recall that f is said to be a C ∞ vector for the
for every X in the Lie algebra g. We can then extend π * λ to the universal enveloping algebra of left-invariant differential operators on G. If A is any such operator, then a simple computation shows that
Therefore, one way of obtaining entry functions that are eigenfunctions of A is to take f to be an eigenfunction of the operator π * λ (A). An easy calculation yields that
is the Hermite operator. The eigenfunctions of H(λ) are given by
j with eigenvalue 2α i + 1 (see [4] , [12] ). Note that Let L λ be the operator defined by the relation
Explicitly, L λ is given by the expression
where
. They are also eigenfunctions of the operators −∆ z + 1 4 |λ| 2 |z| 2 (see [12] , page 54): 
We also define ϕ
k, λ satisfies (see [12] , page 58)
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The heat kernel
In this section, we calculate the heat kernel of the sub-Laplacian L, given by
and their first-order commutators span the whole Lie algebra g. Thus the sub-Laplacian is an example of a step-two hypoelliptic operator, studied in Hörmander [8] .
We start by looking at the heat equation:
where δ 0 is the Dirac mass at the origin. The calculation of the heat kernel proceeds along the same lines as [11] . Taking the Fourier transform in the t variable yields 
where 
Therefore we obtain
we have, from (3.1),
Here we use the fact N |z| 2 = 0 (see (2.3)). 
An explicit calculation of h s (x, y) is given by (see e.g. [4] , Theorem 2.1)
coth |λ|s} and hence (see [12] , page 85, 2.8.7) 
